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Abstract. We consider the dyadic model with viscosity and additive Gauss- 
ian noise as a simplified version of the stochastic Navier-Stokes equations, with 
the purpose of studying uniqueness and emergence of singularities. We prove 
path-wise uniqueness and absence of blow-up in the intermediate intensity 
of the non-linearity morally corresponding to the 3D case, and blow-up for 
stronger intensity Moreover, blow-up happens with probability one for regu- 
lar initial data. 



1. Introduction 

Motivations. Uniqueness is a problem with many facet for PDEs and different 
problems may require different approaches. When turning to stochastic PDEs, 
the problem acquires new levels of complexity, as uniqueness for stochastic pro- 
cesses can be understood in different ways (path-wise, in law, etc.). There are 
several recent result on this topic (see for instance [ ] for a review). 

A prototypical example of PDE without uniqueness are the Navier-Stokes 
equations, where the issue of uniqueness is mixed with the issue of regularity 
and emergence of singularities (see [ ]). The analysis of the stochastic ver- 
sion of the equations has also received a lot of attention, and in recent years, by 
means of a clever way to solve the Kolmogorov equation. Da Prato and Debuss- 
che [ ] (see also [ ]) have shown existence of Markov families of solutions to 
the problem, proving that such Markov families admit, under suitable assump- 
tions on the noise, a unique invariant measure, with exponential convergence 
rate [ ]. In [ , ] similar results have been obtained with a completely differ- 
ent method, based on the Krylov selection method [ ]. Related results can be 
found in [27, 14, 24, 40, 43, 41, 44, 42, 1]. 

The two methods apply equally well in more general situations (as done for 
instance in [ ]). The purpose of this paper is to analyse, with a view on unique- 
ness and emergence of blow-up, a much simpler infinite dimensional stochastic 
equation which anyway retains most of the characteristics of the original prob- 
lem and which makes the methods of [13] and [28] applicable. To understand 
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which system could provide a good candidate, the essential point is to identify 
the non-linearity. If we look at the Navier-Stokes non-linearity on the torus 
with periodic boundary conditions, we have in Fourier variables, 

(u.V)u = i }^ ( (u,■m)u^)e^'^■^ 

keZ3,k^0 l+m=k, l,m^O 

that is, the k* mode interacts with almost every other mode. The most rea- 
sonable simplification is to reduce the complexity of the interaction to a finite 
number of modes, while keeping the orthogonality property (which gives the 
conservation of energy), and the simplest is the nearest neighbour interaction. 
This is the dyadic model. 

The dyadic model. The dyadic model has been introduced in [29, 33] as a 
model of the interaction of the energy of an inviscid fluid among different pack- 
ets of wave-modes (shells). It has been lately studied in [34, 46, 12, 6, 4] and in 
the inviscid and stochastically forced case in [5, 9, 3]). 

The viscous version has been studied in [30, 10, 11], and in particular [10] 
proves blow-up of positive solutions for the problem with non-linearity of strong 
intensity, and later in [/ ] the authors prove well-posedness and convergence to 
the inviscid limit, again for positive solutions, with non-linearity of intensity of 
"Navier-Stokes" type. 

In this paper we study the dyadic model with additive noise, 

(1.1) dX^ = {-yXlX^ + A^_iX^_i - A^X^Xn+i) dt + dW^, n ^ 1, 

where A = 2, = A"^ and Xq = 0. The dispersion coefficients satisfy suitable 
assumptions (see Assumption 2.1) and the parameter |3 measures the relative 
intensity of the non-linearity with respect to the linear term. 
The non-linear term formally satisfies the following property, 

oo 

y~ (Att,_iX^_^ — A^X^Xn+l) = 0, 

TL = 1 

providing an a-priori bound of X = (Xri)n^i in ^^(R) which is independent of 
(3. On the other hand the linear term and the non-linear term are roughly of the 
same size if 

A^Xn~AK aP-X^O(I), 

which is the essential reason why local strong solutions exist when the initial 

condition decays at least as X^^^ '^^ (see Theorem 2.4). If (3 ^ 2 this is always 
true due to the £^ bound explained above, and in fact [ ] proves that the non- 
mdom problem has a unique global solution. The same method also works in 
the noisy case and it is straightforward to prove path-wise uniqueness in the 
case (3^2. 
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By a scaling argument (see for instance [10]), one can "morally" identify the 
dyadic model with the Navier-Stokes equations when |3 ~ |. In [ ] well- 
posedness is proved in a range which includes the value |, but only for positive 
solutions (positivity is preserved by the unforced dynamics). It is clear that, as 
is, positivity is broken by the random perturbation. 

Main results. This paper contains a thorough analysis of the case (3 > 2, which 
can be roughly summarised in the table below. 





(3^2 


2 < (3 ^ 3 


|3 > 3 


blow-up 


NO 


NO* 


YES 


uniqueness 


YES 


YES 


? 



We prove path-wise uniqueness (Theorem 4.1) in the range (3 G (2, 3] by 
decomposing the solution in a quasi-positive component and a residual term. 
Quasi-positivity (see Section 3) is preserved by the system as long as the ran- 
dom perturbation is not too strong (the meaning of this will be explained be- 
low). Under the same conditions the residual term is small and provides a lower 
bound for the solution. 

The quasi-positivity, together with the invariant area argument of [7], implies 
smoothness of the solution (Theorem 4.2), where by smoothness we mean that 
[X^Xn)n^i is bounded for every y. This result holds for |3 G (2, |3c), where 
|3c G (2, 3] is the value idenfied in [ ]. 

When |3 > 3 we use an idea of [10], which only works for positive solu- 
tions, together with quasi-positivity, to identify a set of initial conditions which 
leads to blow-up with positive probability (Theorem 6.1). While there are al- 
ready cases where emergence of blow-up is proved, as for instance [ , ] for 
the Schrodinger equation, [37, 36, 21] for the nonlinear heat equation (there is 
also [23], but their result is essentially one dimensional and no ideas for infi- 
nite dimensional systems are involved), such results essentially prove only that 
blow-up occurs with positive probability. 

Our main result on blow-up for the dyadic model. Theorem 6.2, states that 
blow-up occurs with full probability, as long as the initial condition satisfies 
A"Xn(0) = 0(1) for some a > |3 — 2. This is optimal since it corresponds to the 
condition which ensures the existence of a local smooth solution, as remarked 
before. Essentially we prove that the An -decay is transient. 

It remains open to understand uniqueness for (3 > 3, since blow-up rules out 
the use of smooth solutions, making path-wise uniqueness an harder problem. 
Uniqueness in law may still be achievable. 

Methods. Our results are essentially based on the four following ideas, intro- 
duced in this paper to analyse the model. 
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Quasi-positivity. As already mentioned, the deterministic dynamics preserves 
positivity and an external forcing in principle destroys this. We prove that a 
negative lower bound can still be proved under the condition that the random 
perturbation is not too big (in a sense clarified in the next idea) and the negative 
part of the initial condition is small. This cannot be true for general initial states, 
and in fact we require this to be true only for the modes Xn(0) of the initial 
condition corresponding to n large enough. 

Irrelevance of the perturbation. The deterministic results of [10, 7] are not directly 
applicable due to the presence of the random term, responsible of the loss of 
positivity. Quasi-positivity works with a small perturbation and in general the 
random perturbation does not stay small. 

We recover smallness in two ways, equally effective: on the one hand we do 
not need to have a small effect of the perturbation for every component, but 
only for large enough modes (in the duality frequency/ wavelength this would 
correspond to small scales). On the other hand, due to viscosity, the effect of 
the randomness can be quantified in terms of regularity (i. e. decay in terms of 
powers of A^) and, roughly speaking, if the effect is finite with respect to some 
decay, then it is small with respect to any weaker decay. 

Contraction of the negative components. In order to prove that blow-up happens 
with full probability, the above ideas are not sufficient, as they only insure that it 
happens with positive probability. We give a stronger form of quasi-positivity 
(Lemma 6.4), namely that the negative parts of the solution become smaller in 
a finite time, depending only on the size of the initial condition in H and on the 
size of the random perturbation. 

Recurrence. We use the contraction of negative components to identify an event, 
spanning a time interval, thus an event for trajectories, that leads to a set where 
blow-up occurs. An argument of recurrence for these sets finally shows that 
blow-up has full probability. We remark that recurrence is not at all obvious, 
since for (3 > 3 the energy estimate is not strong enough to provide existence of 
a stationary solution with standard methods for dissipative stochastic PDEs. 

Structure of the paper. Section 2 contains the basic definitions and assump- 
tions, as well as the different notions of solution that will be used, together 
with some existence results. In Section 3 we show the control on negative com- 
ponents, which the basic result on which the paper is structured. Uniqueness 
and well-posedness are then proved in Section 4 for the intermediate range 
2 < (3 ^ 3. Section 5 contains some preliminary and general considerations 
on the blow-up time. These considerations are used in Section 6 to first iden- 
tify events that lead to blow-up, then to prove that such sets are, conditional 
to the absence of blow-up, recurrent and hence that blow-up occurs with full 
probability. 
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2. Preliminary results and definitions 

We start by stating the assumptions on the strength of the noise we shall con- 
sider. 

Assumption 2.1. The sequence (o"n)n^i of non-negative real numbers satisfies 
the following assumption of regularity: there is (Xq G R such that 

(2.1) SUp(A^«CTn) < OO. 

We shall see that, in order to ensure existence of solutions for problem (1.1), 
we need to impose a restriction on the possible values of ao, depending on the 
value of the parameter |3. 

Assumption 2.2. If |3 is the parameter of problem (1.1), then the number ocq of 
Assumption 2.1 above satisfies 

(2.2) ao > max{i(|3 -3), |3 -3} 

2.1. Notations. Set A = 2 and An = A"^. For every oc G R denote by the 
(Hilbert) space 

CXD 

Vcc = {(Xn)n^l : ^(A^n)^ < Oo}, 
n=l 

with scalar product ( ■ , ■ ) a and norm 1 1 ■ 1 1 „ given by 

oo oo 

(x,'y)a = _^A^«Xn-yn, IMU= (^(A>n)^)- 

n=l n=l 

Set in particular H = Vq and V = Vi. 

Let Op = C([0, oo); V-p) and define on Qp the canonical process (£,t)t^o de- 
fined as £,t(<^) = <^(t)/ t ^ 0. Define on Op the canonical filtration (=^t)t^o 
where is the Borel a-f ield of C ( [0 , t] ; V_ p ) . 

2.2. Definitions of solution. We turn to the definition of solution. We shall 
consider first strong solutions, which are unique, regular but defined on a (pos- 
sibly) random interval. Then we will consider weak solutions (in three different 
flavours). 
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2.2.1. Strong solutions. We first state the definition of local strong solution. 

Definition 2.3 (Strong solution). Let W be an Hilbert sub-space of H. Given a 
probability space (O, P) and a cylindrical Wiener process (Wt, ^t)t^o on H, 
a strong solution in W with initial condition x G W is a pair (X(- ; x) , t^) such that 

■ T^^ is a stopping time with Pb^^ > 0] = 1, 

■ X(-; x) is a process defined on [0, t^) with P[X(0, x) = x] = 1, 

■ X(-; x) is continuous with values in W for t < x^, 
m ||X(t;x]||w ^ oo as 1 1 t;^, P-a. s., 

■ X(-; x) is solution of (1.1) on [0, T^^). 

The strong solution turns out to be a Markov process (and even a strong 
Markov process, but we do not need this fact here) in the following sense (see 
[31] for further details). Set W = W U {A}, where the terminal state A is an iso- 
lated point. Define the set W(W) of all paths cu : [0, co) — W such that there 
exists a time C(cu) G [0, oo] with cu continuous with values in W on [0, C(cu)) and 
a)(t) = A for t ^ C(cu). The strong solution defined above can be extended 
as a process in [0, oo) with values in W in a canonical way, achieving value A 
for t ^ tJ^. We say that the strong solution is Markov when the process on the 
extended state space W is a Markov process. 

Theorem 2.4. Let |3 > 2 and assume (2.1), (2.2). Let aG (|3 — 2,ao + l], then for 
every x g there exists a strong solution (X(-; x), t") with initial condition x. 

Moreover, the solution is unique in the sense that if [X[-;x],x^] and (X'(-;x),t4) 
are two solutions, then P[Tx = t4] = 1 and X(-; x) = X'[-;x]for t < x^. 

Finally, the process (X(-; x])xeVa is Markov, in the sense given above. 

Proof. Existence and uniqueness are essentially based on the same ideas of [42, 
Theorem 5.1], but with simpler estimates, we give a sketch of their proof be- 
cause we will use some of the definitions we introduce later. Let x ^ C°° ( [0, oo) ) 
be decreasing and such that x(tj^) = 1 for u ^ 1 and xi'^) = for u ^ 2, and 
consider the problem 

(2.3) dX^ = -y^X dt + XR ( II X-^ lU) (A^i {Xl_,f - A^X^X^+i) dt + a, dW,. 

The problem has a (path-wise) unique global solution for every x G Va., which 
is continuous in time with values in Voc- Given x G Va., define x^'^ as the first 
time t when || X"^ (t) || cc = R, then = sup^^Q x^'^ and the strong solution X(t; x) 
coincides with X'^(t; x) for t ^ t:^'^- By uniqueness the definition makes sense. 
Markovianity follows by the Markovianity of each X*^. □ 

We notice that by path-wise uniqueness, if x G Va, then = t"' for every 
cc' G (|3 -2,cc). 
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2.2.2. Weak martingale solutions. The fact that the blow-up time associated to 
a strong solution may (or may not) be infinite is the main topic of discussion 
of the paper. In order to have global solutions in the general case we state a 
weaker definition of solution. 

Definition 2.5 (weak martingale solution). Given x G H, a probability measure 
P on Op is a weak martingale solution of problem (1.1) with initial condition x if 

1. for every n > 1, the process 



(vA^ £,^(s) - aP_i£,?,_i + ds, 



defined through the canonical process is a continuous square integrable 
martingale with quadratic variation cr^ (hence in particular a Brownian 
motion if ffn 7^ 0), 
2. P[£,(0) = x] = 1. 

It can be easily seen that this is equivalent to the standard definition of mar- 
tingale solution (a proof is given for instance in [24] for the Navier-Stokes equa- 
tions, but can be easily adapted to this problem). 

Clearly both definition, of strong and weak solution, extend straightforwardly 
respectively to initial ^o~rneasurable random variables and to initial distribu- 
tions on H. 

It turns out (see Theorem 2.9 below) that the strong solution represents the 
unique local solution, thus all weak solutions with the same initial condition 
coincide with it up to the blow-up time t^, if we require that weak solutions 
satisfy an additional property. Before stating the property, we need a few defi- 
nitions for preparation. 

Let P be a weak martingale solution and define for each n such that ^ 
the process = -^^n (and choose a W-^ independent from all the other 
if o"n = 0). Under P the (Wnjn^i are independent standard one-dimensional 
Brownian motions and the sequence defined as 







solves the following system, 
(2.4) ."-.^ ■ .A^Z.dt = a.dW., 




Moreover, if Y = £, — Z, where £, is the canonical process on Qp, thus a solution 
(in the sense of Definition 2.5) of (1.1) under P, then P-a. s., 

(2.5) + vA^Y, = ^Lii^^-i + Zn-i)' - AP (Y, + Z^) (Y,+i + Z^+i). 
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Define St as 



St[y,z) = \\y[t]\\l, + 2y 



rt 



|y(s)||vds 



ft 



oo 

(^^n(Un + 2;n)(-yn+lZn -yn^n+l)) ds, 



rL=l 



it is easy to see (using the lemma below) that St ( Y, Z] is finite if Y G LJ^^ (0, oo ; H) fi 
Lj^Q^(0, oo; V) and Assumptions 2.1, 2.2 hold, and is jointly measurable in the 
variables (t,y,z) (see [ , ] for a related problem). We first give a regularity 
result for Z, which is standard (see [ ]) 

Lemma 2.6. Assume (2.1) with ao G R. Given a < ocq + 1, then almost surely 
Z G C( [0, T] ; Va)for every T > 0. Moreover, for every e G (0, 1], with e < ao + 1 — a, 
there are Cz.e-i.e > and Ci.e-i.e > 0, such that for every T > 0, 

'C2.6-2.e 



E 



exp 



sup ||Z(t) 

[0,T] 



Definition 2.7 (energy martingale solution). A weak martingale solution P with 
initial condition x is an energy martingale solution if 

1. P[Y G Lj^jO, oo; H) n Lf^J[0, oo); V)] = 1, where Y = £, - Z and Z is the 
solution to (2.4) associated to P, 

2. there is a set Tp c (0, oo) of null Lebesgue measure such that for every 
s ^ Tp and every t > s, 

P[St(Y,Z)^Ss(Y,Z)] = l. 

Remark 2.8. Assume (2.1) with ao > 0. As in [^'^, "^7] one can consider an al- 
ternative definition where the almost sure energy inequality is replaced by the 
supermartingale condition given as follows: 

■ P[L~(0, oo; H) n L2(0, oo; V)] = 1, 

■ for every m ^ 1 the process 



ft 



= ||£,(t)||fr + 2mA/ 



rt 



|2m-2 I 

Ih I 



£,(s)||?ds-m(2m-l)cT^ 



|^(s) 



Ih""' ds 



is an almost sure supermartingale, that is there is a set Tp c (0, oo) of null 
Lebesgue measure such that for every s ^ Tp and every t ^ s, 

where = Hn ^n- 

Given a > |3 — 2 and R > 0, define the following random times on Qp, 
(2.6) =inf{t^ 0: ||a)(t)||„ = oo}, t"-'' = inf{t ^ : ||a)(t) |U > R}, 

with the understanding that each random time is oo if the set is empty. 
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Theorem 2.9. Let |3 > 2 and assume (2.1), (2.2). 

■ For every x G H there exists at least one energy martingale solution Px. 

' If oc e ((3 — 2,1 + (Xo), X G Vcc and Px zs an energy martingale solution with 
initial condition x, then = t* under Px and for every t > 0, 

£,s=X(s;x), s ^ t, Px — a.s. on {t* > t}, 

zf/zere (X(-; x), t*) is the strong solution with initial condition x defined on Op. 

■ There exists at least one family (Px )xeH of energy martingale solutions satisfying 
the almost sure Markov property, namely for every x G H and every hounded 
measurable cf) : H — R, 

for almost every s ^ (including 0) and for all t ^ s. 

Proof. The proof of the first fact can be done as in [2]. The proofs of the other 
two facts are entirely similar to those of Theorem 2.1 of [ ] and Theorem 3.6 of 
[4z] and we refer to these reference for further details. □ 

A natural way to prove existence of weak solution (and in fact this is the way 
it is done in [ ]) is to use finite dimensional approximations, namely, consider 

for each N ^ 1 the solution (Xn'^')i^n^N to the following finite dimensional 
system. 







xi^^ 


= -vA?xi^' 


-Afxi^^xJ^^ + 


ai dWi, 


(2.7) 


< 


An 


= -vA^Xr' 


+A^,(xrJJ^- 


-APX^'xr+'i + CTndWn, 






^A^ 


=-^A?,xt:' 




+ ffN dWN , 



Given x G H, let Px be the probability distribution on Op of the solution of 
the above system with initial condition x'*^^ = (xi, X2, . . . , xn ]. 

Definition 2.10 (Galerktn martingale solution). Given x G H, a Galerkin martin- 
gale solution is any limit point in of the sequence (Pi'^')Nj>i. 

It is easy to verify (it is indeed the proof of existence in Theorem 2.9 and we 
refer to [ ] for details in a similar problem) that Galerkin martingale solutions 
are energy martingale solutions. 

Remark 2.11. The results stated in this section are essentially independent of the 
structure of the non-linear part and are only based on the fact that that the non- 
linearity is polynomial and at each mode involves only a finite number of other 
modes. 

The results of the rest of the paper are on the other hand strongly based on 
the structure of the non-linear part. Besides the physical motivations of [_ ], 
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from the point of view of studying a simplified version of Navier-Stokes, there 
are several possibilities for nearest-neighbour interaction among modes. One can 
write [ ] any nearest-neighbour non-linearity as 

Xn = -vA^Xn + (aiBj,(X) + a2B^(X)), 

where is the one corresponding to the dyadic model and B^ (x) = ^n+i'>^n+i~ 
A^Xn^iXn. In [ ] the authors notice that the inviscid problem with non-linearity 
B^ is well-posed. Hence the dyadic model is the difficult, hence the most mean- 
ingful, part of any nearest-neighbour non-linearity. 



3. Control of the negative components 

Given (3 > 2, cx G R and Cq > 0, consider the solution Z of (2.4) and define the 
following process, 

(3.1) Na,co(t) = Tum{m ^ 1 : |Zn(s)| ^ CovA^"i for s G [0,t] and n ^ m}, 
with N (x,co ("t) = oo if the set is empty. 

Lemma 3.1 (Moments of Noc,co)- Given |3 > 2, assume (2.1) and let a < ocq + 1. 

Then for every y G (0, ocq + 1 — a) and e G (0, 1], with e < ao + 1 — a — y, there 
are two numbers Cj.m > and 03,1-2 > 0, depending only on e, y and ocq, such that for 
every t > and n ^ 1, 

P[N.,c.,(t] >n] <:c3.i-ie-^''-''^''-. 

In particular, 

and P[Not_co("t) = n] > 0/or every n ^ 1. 
Proof. For n ^ 1, 

{Na,co('t) ^ n} = |supsupA^_JZk(s)| ^ Covj, 

•■IC^TI [0,t] J 

hence if y < (Xq + 1 — a and k ^ n. 



supA^_JZk(s)| ^ A^I^sup ||Z(s)|U+y, 

[0,t] [0,t] 

and therefore by Chebychev's inequality and Lemma 2.6, 



P[Na.co(t) > n] ^ P sup ||Z(s)||oc+y > Co^K-i 
'-[o,t] 



for every e G (0, 1] with e<cxo + l — a — y. The double-exponential moment 
follows easily from this estimate. 
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We finally prove that IP[Nccco("t) = n] > 0. We prove it forn = 1, all other 
cases follow similarly. By independence, 

oo 

F[N^,coW = 1] =exp(- )~ -logP[supA^_i|Zk(s)| ^ Cqv] 

and it is sufficient to show that the series above is convergent. By (2.1), 

P[supA-_JZJs)| ^ Gov] ^ P[supK(A^s)| ^ 2'^CoA/A^«+i-«], 



'[0,t] 



'[0,t] 



where C is the solution of the one-dimensional SDE dC + vC dt = dW, with 
C(0) = 0, and the conclusion follows by the fact that a < 1 + ao and standard 
tail estimates on the one-dimensional Ornstein-Uhlenbeck process (see for in- 
stance [20]). □ 



The lemma below is the crucial result of the paper. To formulate its statement, 
we introduce the finite dimensional approximations of the problem. Consider 
problem (2.5) and, for an integer N ^ 1, the finite dimensional approximations 
of (2.5), 



(3.2) 



'Yr'=-vA?Yr' 



' n 



-vA^Y, 



N) 



n 'TL 



Afxi^'x^', 



where for n 



N we have set X 



(N] 



yI^' + Z-n,. It is easy to verify that 



the above SDE admits a unique global solution. 

Lemma 3.2 (Main lemma). Let |3 > 2 and assume (2.1), (2.2). Let a G [(3 — 2, 1 + ao] 

and consider Co > 0, Qq > and tlq ^ 1 such that 



(3.3) 



Co ^ ao 



and 



Co < ^/a^{\ 



»rLo 



do). 



Given J > 0, let N ^ 1 and assume that A{^_]^Xn'^' (0) ^ — aov/or all n = no, 

J/TM > Nocco(T), then Y^\t] ^ -aovA^"i/or all t e [0,T] and all n ^ no V 
Na,com. 

Proof. For simplicity we drop in this proof the superscript We can first as- 
sume that A^_^Yn(0) > — VQo for n ^ no, . . . , N (the equality will be included 
by continuity), then the same is true in a neighbourhood of t = 0. Let to > be 
the first time when at least for one n, A^_^ Y^i^ (to) = — vqo. Let n ^ no V N g^^co (T) 



N. 
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be one of such indices, then 

Yn(to) ^ -A^A?,Y,(to) -AP(Y,(to) + Z^(to))(Y,+i(to) +Zn+i(to)) 

^ aov^A^A^-'^ + AP(aoA/A^!'i -Zn(to))(Yn+i(to) + Zn+i(to)) 

^ aov2A2A^-4-AP(aoA/A^!'i -Zn(to))(Yn+i(to) + Zn+i(to))- 

since a/QqA^"^^ — Znito) ^ for n ^ Ncc,co(T), and where x_ = max(— x, 0). 
We also know that Yn+i(to] ^ -qoA'A^*, hence Yn+i(to) + Zn+i(to) ^ -^/(ao + 
Co)A^'^ and so (Y^^+ilto) + Zn+i(to))_ ^ A/(ao + Co)A^'^. We also have aoA/A^!'i - 
Zn("to) ^ ^'(ao + Co)A^^^, so in conclusion 

Yn(to) ^ y'\'Xl-_^,{ao - T^f^^i^o + Co?) > 
and the lemma is proved. □ 

The next theorem is based on Lemma 3.2 and shows that the process can 
explode only in the positive area. 

Theorem 3.3. Given (3 > 2, assume (2.1) and (2.2). Let a G (|3 — 2, ao + 1) and 

X G Vcc, flwd lei (X(-; x), tJ) &e iize strong solution in wzi/z mz'h'fl/ condition x. T/ien 
/or euen/ T > and p ^ 1, 



E 

Jn particular, 



sup sup (A^_i(X,(t))J^ 

■n^l te[0,TAT«] 



< oo. 



inf inf Af'_,Xn > — co, F-a. s. 

n^l te[0,T«AT] 

Proof. Fix X E Voc and T > 0, and set ao = ^ and Cq = |, so that condition (3.3) 
holds for any txq. Next, choose Uq ^ 1 as the smallest integer such that A^^Xtt^ ^ 
— |v for all n ^ Uq. With the choice Cq = |, set Z^j = {N ^ i (T) < oo}, which by 
Lemma 3.1 is an event of probability one. 
Lemma 3.2 implies that on {tJ > T}, 

YM>-\yK% forn^noVN,,i(T). 

Indeed, we can set x**^' = (xi, . . . , xn ) and notice that on the event {t^ > T}, 
problem (2.5) has a unique solution, hence for every N the solution of (3.2) with 
initial condition x''^' converges to the solution of (2.5) with initial condition x 
(where the convergence is component-wise uniform in time on [0, T]). 

Let Ni = no V N^,, i(T), it is clear that Ni has the same finite moments of 
N ^ 1 (T), moreover on {t* > T}, 



||X(t)||H, n<Ni, 
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for every n ^ 1, and so 

sup sup K-i{^M)_<^y + K,-i sup ||x(t]||H 

n^lte[0,T] -L^ te[0,T] 

From Lemma 3.1 and the fact that E[sup[o,T] 11^(^)111^] is finite for every p ^ 1, 
the estimate in the statement of the theorem readily follows. □ 

Remark 3.4. Given an initial condition x E V,^, if we set 

<± = sup{t : supn^iA*(Xn)± < oo}, 

then = min(Tj^, t^,-]/ and the previous theorem essentially states that = 

'•x, + - 

Corollary 3.5. Given |3 > 2, assume (2.1) and (2.2). Given a G ((3 — 2, cxq + 1) and 

X e Vcc, assume additionally either that problem (2.5), with initial condition x, admits 
a unique solution, for almost every possible value assumed by Z, or that we are dealing 
with a Galerktn solution starting in x. Then for every T > and p ^ 1, 



E 

In particular, 



sup sup {K_,{XM)y 

rL>l te[0,T] 



< oo. 



inf inf A°^_iXn > — co, P-fl. s. 

n^lte[0,T] 

Proof. We simply notice that in the proof of the theorem above we have used the 
piece of information t" > T only to ensure that problem (2.5) admits a unique 
solution. 

On the other hand, if we are dealing with a Galerkin solution, then up to a 
sub-sequence we still have component-wise uniform convergence in time. □ 

4. Uniqueness and regularity for 2 < |3 ^ | 

In this section we prove two results, the first concerning path-wise unique- 
ness, the second concerning regularity (absence of blow-up), which are essen- 
tially extensions of the corresponding results for the case without noise. The ex- 
tension is made possible by means of the control of negative components shown 
in Section 3. The path-wise uniqueness result below is restricted to Galerkin so- 
lutions (see Definition 2.10). 

Theorem 4.1 (Path-wise uniqueness). Let (3 G (2, 3] and assume that (2.1), (2.2) 
hold. Let X(0) G V|3-2/ ihen there exists a (path-wise) unique solution of (1.1) with 
initial condition X(0), m the class of Galerkin martingale solutions. 

We do not know if there is uniqueness in some larger class (energy martingale 
solutions or weak martingale solutions), neither we know if a Galerkin martin- 
gale solution may develop blow-up. By slightly restricting the range of values 
of (3, we do actually have an improvement over the previous result. 
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Theorem 4.2 (Smoothness). There exists pc G (|,3] such that the following state- 
ment holds true. Assume that (2.1), (2.2) hold and let |3 G (2, pc) and a G (|3 — 2, 1 + 
ao), then for every x G V^, = oo. In particular, path-wise uniqueness holds in the 
class of energy martingale solutions. 

4.1. The proof of Theorem 4.1. The proof is based on the idea in [ , Proposition 
3.2] which builds up on a result in [ ]. Both results are proved for positive 
solutions (and no noise). 

Proof of Theorem 4.1. It is sufficient to show uniqueness on any finite time inter- 
val, so we fix an arbitrary T > and show that there is only one solution on 
[0, T]. We will use Lemma 3.2 with Cq = | and ao = | (so that (3.3) holds for any 
tlq). In fact, since a Galerkin martingale solution is the component-wise limit of 
finite dimensional approximations, the bounds of the lemma remain stable in 
the limit to the infinite dimensional system. 

Since X(0] G Vp_2, we know that there is no ^ 1 such that A^-^Xy^iO) ^ -\y. 
We set No = 1 + no V Np_2 i(T). 

Let X^, X^ two solutions with the same given initial condition X^ (0) = X^ (0) = 
X(0). By Lemma 3.2 we know that X\[t) ^ Zn(t) - ^vA^^^^ for n ^ No, t G [0, T] 
and i = 1,2. Set now 

A, = Xj, - Xl, = ^A/A^-P - 2Zn 

and 

and notice that X^ + Xj^ + Bn ^ if t G [0, T] and n ^ No. A simple computation 
shows that 

An = -vA^An + aP_i(XJ,_i + X^_ J An-1 + 

- [iXl + X^)An+i + (Xj,+i + Xl^,)A^] , 

hence for N > Nq, 

, N N 

TL=No rL=No 

~ ^(X^ + Xn]AimAn+i + A{^^i^(Xj^jj_;^ + X^jj_JAn(,_iAn„ = 

= S + @N+@No- 
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For the first term we notice that B^+i ^ |vA^ 1^, hence 

N N 

n=No n.=No 

For the second term, 

^ ^ ciT^ IIyI _l_ y2||. . 

r((3- 



y @^dt^sup||xi+xiH 

[0,T] 



N=l 



rT 

11^^111(3-1) 





and the quantity on the right-hand side is a. s. finite since by (2.1) Z is a. s. in 
C([0, T]; Vy) for every y < 1 + ocq (hence for y = |(|3 — 1)), and since by Defini- 
tion 2.7, V G V{[0, T]; V) (and |(|3 - 1) ^ 1). This implies that a. s. J^J" [2]^ dt ^ 
as N — 00. 

Likewise (recall that = Xg = 0), 



No-l 



and in conclusion 

d 



— iPn ^ aP^_i(sup||X1 + X2||h)^IJ£+[2]n. 

Q-t [0,T] 

Integrate in time (recall that t|>n (0) =0) and take the limit as N t 00, 

rt 

xl>(s) ds 







tKt) ^ A{^,^_,(sup||X1+X1h) 

[0,T] 

where ijjN t xl> andxl>(t) = ||A(t)||^i. Since the term A{^y_-^(sup[o,T] II'^^^+X^IIh) is 
a. s. finite, by Gronwall's lemma it follows that a. s. A(t) =0 for all t G [0, T] . □ 

4.2. The proof of Theorem 4.2. We start by giving a minimal requirement for 
smoothness of solutions to (1.1) which is analogous to the criterion developed 
in the noise-less case (see [ ]). 

Given T > define the subspace Kj of Op as 

Kt = {cu G Op : lim(^max Af^"Vn(t)|) = O}. 
Clearly L~(0, T; Va) C Kj for all cx > (3 - 2. 

Proposition 4.3. Under the assumptions of Theorem 4.2, let x G Va- Px is an energy 
martingale solution (Definition 2.7) with initial condition x and is the random time 
defined in (2.6), then for every T > 0, 

{t^>T} = Kt, under 
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Proof. Fix a E (|3 — 2,(Xo + l),x G and an energy martingale solution 
starting at x, and let be the random time defined in (2.6). Assume (cu) > T, 
then there is Rq > ||x||cc such that T^''^"(a)) > T, where t^'"^" is also defined in 
(2.6). In particular ||£,t(cu)||a ^ Ro fort G [0,T]. Hence 



Xt^max\U{t,uo)\ ^ A^-^-" max |A«£,n(t, cu)| < 

[0)T] [0)Tj 



^AP-2-«sup||£_ja))|U^RoAP-2-oc 

[0,T] 

and cu G Kj. 

Vice versa, assume that cu G Kj and choose a decreasing sequence (Mnln^i 
such that Mn J, and Aj^^^ max[o,T] l^n(t)| ^ Mn. Set = ^n^n and ran = 
max[o,T] |un(t]|, then 



|Un(t)| ^ |Un(0)| + A^|Zn(t)| + M^-lA 



ft 

2 



^ K(0)| + (sup A«|Zn(t)|) + -A'^-^^n-iTUn-i + -A^-PMn-iTU, 

[0,T] ^ ^ 



and in conclusion 



(l--A2-PMn-i)mn ^ K(0)|+ (supA«|Zn(t)|) +V-2Mn-imn-i. 

^ ^ ^ [0,T] Y 

For n large enough we have that 

A/ A-^-^Mn-l 1 

'^-i ^ 2A2-P + 2A-2 ^_^2-PMn-i ^ 2' 

and in particular (l — t^-A^^I^Mn-i) ^ |, hence 

where An = 2A*|xnl + 2(sup[o,T] -^nl^rift]!). By Lemma 2.6 (applied to an a' > a) 
we have Hn^n < co with probability 1, since ^ A^ ^ c(||x||^ + sup^gj] 
Moreover 

+ \t<-1 + AnTUn-l ^ ^A^ + ^m^_i, 

and by solving the recursive inequality we get Y.n ""^n < which in particular 
implies that t^(cu) > T. □ 

In order to prove Theorem 4.2, we essentially prove that, given a smooth x 
and T > 0, there is a solution starting at x that satisfies Px [Kj] = 1, and hence 
is the unique solution. 
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Proof of Theorem 4.2. Fix a G (|3 — 2, ccq + 1), x G V^, T > and an energy mar- 
tingale solution Px starting at x, and let be the random time defined in (2.6). 
Without loss of generality we can assume that Px is a Galerkin solution (see 
Definition 2.10). Indeed, by Theorem 2.9 the random time t* coincides a. s. 
with the lifespan of the strong solution with the same initial condition x, and 
the probability of the event {t^} does not depend on Px, but only on the strong 
solution. 

Since Px is a Galerkin solution, there are (x*'^'^', P''^''^),<;gN such that x''^'^' — )■ 
X in H and P'^^' ^ Px in Op, and for each k, P'^^) the solution of (2.7), 
with dimension Nk and initial condition x''^'^^. By definition we also have that 
xi,^''' =Xn forn ^ Nk. 

By a standard argument (Skorokhod's theorem) there are a common proba- 
bility space (n,^,P) and random variables X*'^''', X on Q with distributions 
p(Nk)^ Px respectively, such that, in particular, xjt'^'^' — )■ Xn, P-a. s., uniformly 
on [0, T] for all n ^ 1 and all T > 0. 

Let e > be small enough such that a > (3 — 2 + 2e and 6 — 2(3 — 3e > 0. We 
will use Lemma 3.2 with ao < | (to be chosen later in the proof) and Cq = |ao. 
Let n be the smallest integer such that A^_Jxnl ^ aov for all n ^ n, and set 

No=nVNp_2+2e,com. 

For each integer no ^ 1 and real M > define the sets 

Am(tio) = |sup(|X;,^^ll + |X(,^^5|) ^ M for all k such that Nk ^ no), 

[0,T] J 

Notice that P[Um>o ^m(i^o)] = 1 since X^"' ^ Xn uniformly, P-a. s., for all 
n ^ 1, hence 

P[ U ({No=no}nAM(no))] =L 

no>l, M>0 

Fix no ^ 1, M > and N ^ no, then everything boils down to prove that 

Kj happens on {No = no} fl Am (no) for (Xn'^''')no^TL<cNk uniformly in k. In 
the following we work path-wise for cu G {No — no} fl Am (no) and we aim 
to use the method in [7], which is based on proving that the area shown in 
Figure 1 is invariant for the dynamics of the (suitably rescaled) solution. In [ ^] 
the area A in the picture is defined for (3 ^ | with the values c = A^'^^^'^^^'^^, 
g(x) = min(mx + 9, 1), h(x) = c(max(x — 5, 0)/(l — 6))^^ 6 = 9 = | and 
ra = |. To deal with the random perturbation we shall need to slightly modify 
the set A, in particular we will replace the border delimited by H(x) with a new 
function (see (4.6)). 

First we define the re-scaling. Let = ^^n^i and 

,n = A^(AP-2Y;N.) + a^e^)^ 

n = A^(aoen - A^-22^), 
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Figure 1 . The invariant area. 



then we know by Lemma 3.2 that 

(4.1) J y-n ^ 0, no ^ n ^ N^. 



We have that 



2-e 



-A^ 1^ ''(Un - V^^](Un+l - Vn+l] 

Define Sq > as 

I =max|^,AP"^+^M + 2aoA^ eno-i, sup A^IA^^V + 2aoen)| 



and replace with 11^(1) = 6QUn(6ot). It turns out that Un(0) ^ Sq ^ 5 for all 

n ^ no and max[o,T] Uno-i ^ ^ 5 and max[o,T] Uno ^ ^o ^ 6, since 

lUnol ^ 6gA^(At'|xS^'| + aoeno+At2|Z.J) ^ 8l{X^^;'^^M + 2aoK,e.,) ^ 6 
(and similarly for UT^g_i). Moreover the 11^ satisfy 



Un = A^^ 



6;^P° (U, V) + 5oPj,(U, V) + ^7^^-'+'^?liU,V] 

Oo 



where 

P° = ao^A?,^e. + AP-^+^^V^, - A^-P-V^V^+i, 
?l = -A/A^U, - 2AP-4+2ey^_^^^_^ ^ a2-P--(V^+iU, + V,U,+i] 
P^ = U?,_i-A«-2P-3'^UnUn+i, 
and Vn(t) = Vn(6ot). 
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We proceed now as in [7] and consider for each n ^ Uq the coupled systems 

in (Un,Un+l), 

(4.2) A J ^ ^^-e (^53^0 + ^^^1^ ^ 

where 

<=(,JpiJ. i = 0.1.2, 

The goal is to prove that (Un(t))rL^no is uniformly bounded in n and t. Indeed, 
we will show that ^ Urtft) ^ 1 for all n G {tlq, . . . , Nid, which in turns implies 
that 

So 

for all n G {no, . . . , N,c} and all t G [0, T]. Since Y^''' ^ Yn uniformly on [0, T] 
for each n, the same bound holds for the limit Y and, due to Lemma 2.6, X G Kj. 

It remains to show that U-a ^ 1/ and to this end we show that each pair 
(Un(t], UTT^+i(t)), for n ^ Uq, remains in A (as it is already in the interior of A 
at time t = by the choice of 6o)- This will be again a dynamical system proof 
and it is enough to prove that the vector field in (4.2) which gives (Un, Un+i) 
points inwards on the boundary of A, or equivalently that the scalar product of 
the vector fields with the normal inwards is positive. 

We make two preliminary remarks: first there is nothing to prove for the two 
pieces of boundary corresponding to the normal vectors fCi and ftg, as this is 
essentially already ensured by Lemma 3.2, and second that since A is convex it 
is also possible to check that the product of each of the three vector fields ®° , 
and separately is positive. 

The vector field We will use (4.1), that U ^ 1 in A and that en is non- 
increasing. We will obtain lower bounds that are positive if the number ao is 
chosen small enough (with size depending only on the constants m, (3 and e, 
but not on M, no or 5o)- 

On the border with normal 7x2 = (g', 1) = (ra, — 1) we have Un, G [0, and 
Utu+1 = ralin + 9, hence A^Un+i — ralln ^ A^9 and 

(4.3) ^ vA^lA^Un+i - mUn) - 4ao(mAP-^+^ + A^-PjA^e^-i 
^ A^(vA2e - aoc(m, (3, e)en-i) 

On the border with normal = (0, —1) we have 11^+1 = 1, hence 

(4.4) Tis = -A^-^P^^, ^ A2-^A^+i(v-4aoA2-Pen+i) 
Similarly, on the border with normal 1x4 = (—1, 0) we have Un = 1, hence 

(4.5) ®^ Ti4 = -Pi ^ Kl^ - 4aoA2-Pen). 
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Finally we consider the border with normal n^. Prior to this we give the precise 
definition of this piece of the boundary. For r| G (0, 1) define (p^M = ((x — 

ri)/(l — ri)) , X G [ri, 1], and notice that (pr^ is positive, increasing, convex and 

In [7] it was used h(x) = C(p5(x). Here we consider 

(4.6) K(x) = - ^7tt((Pti(x) - (Pti(5)), xg[5,1], 

with ri < 5 and we notice that is positive, increasing, convex, Ht^(6) = 0, 
H,^(l) — c and H^^ — )■ H in C^([5, 1]) as r] t 5. Moreover, 

With this inequality in hands, we proceed with the estimate of ■ 1x5. On the 
border with normal fts = (— (Un) , 1) we have Un G [5,1] and Un+i = (Un), 
hence 
(4.7) 

®^n5=A2-<^P^,+i-h;(Un)P^, 

^ A^[A/(h;(Un)Un-AX(Un)) -4aoAP-2+ee^_4a^^2-p-e^/^^^^^^] 

^ A^(A/C6-n - ioc((3, e,6)en), 

since ^ cAV(1-25). 

The vector field 53^. The fact that 03^ ■ 1x3 and 03^ ■ n4 are positive follows im- 
mediately from [ ], since in those computations the boundary function h is not 
involved. As it regards 03^ • 1x2 and 03^ ■ 1x5, it is easy to see that they are both 
continuous functions of h and W and with the values of the parameters cho- 
sen in [ ] (as well as here), both scalar products have positive minima. Hence 
the same is true if we replace H with h^^, for r\ small enough, since — )■ h in 
Ci([5,l]). 

The vector field 5B°. Using (4.1) we have that 

K\ ^ ao^A?,^en + AP-^+^^V^, + A^-^-^VnVn+i 

^ A^ [ao^A^en + 4ag(AP-^ + A'-^)Kel^,] 

and the quantity above can be made a small fraction of A^ if qq is small enough. 
This ensures that together and point inward, since the lower bounds for 
in formulae (4.3), (4.4), (4.5), (4.7) are strictly positive and independent of n, 
for a suitable choice of Qq (up to the common multiplicative factor A^). 

The proof we have given (due to the choice of the numbers m, 9, 5) works 
for (3 ^ |, hence we can consider pc slightly larger than |. A larger value of |3c 
may be considered (see [ , Remark 2.2]). □ 
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5. The blow-up time 

In this section we analyse with more details the blow-up time introduced 
in Definition 2.3. We give some general results which hold beyond the dyadic 
model (1.1) under examination and which will be used in the next section to 
prove that blow-up happens with probability 1. Example 5.6 shows that the 
fact that blow-up happens almost surely is a property that in general depends 
on the structure of the drift and hence strongly motivates our analysis. 

Thus, consider the local strong solution (X(-; x), T^jxew a stochastic equa- 
tion (in finite or infinite dimension) on the state space W, where W is a separable 
Hilbert space. By comparing with our case, we assume that 

■ P[Tx > 0] = 1 for all x G W, 

■ X(-; x) is continuous for t < Tx with values in W, 

■ X(-; x) is the maximal local solution, namely either Tx = oo or ||X(t; x) || w — )■ 
oo as 1 1 cxD, P-a. s., 

■ (X(-; x), Tx)xew is Markov (in the sense given in Theorem 2.4), 

■ all martingale solutions coincide with the strong solution up to the blow- 
up time Tx. 

The last statement plainly implies that the occurrence of blow-up is an intrinsic 
property of the local strong solution and does not depend in an essential way 
from weak solutions. 

Define f or x G W and t ^ 0, 

b(t,x) =P[Tx >t], 

then we know that b(0, x) = 1 and b(-, x) is non-increasing. Set 

b(x) = inf b(t,x) = P[Tx = oo]. 
t^o 

We prove a dichotomy for the supremum of b, namely this quantity is either 
equal to or to 1. 

Lemma 5.1. Consider the family of processes (X, t) on W as above. If there is Xq G W 
such that P[Txo = oo] > 0, then 

sup P[Tx = oo] = 1 
xew 

Proof. By the Markov property, 

b(t + s,x) =P[Tx >t + s] =E[l{^^>t}b(s,X(t;x))] 
and in the limit as s t oo, by monotone convergence, 
(5.1) b(x)=E[lt,^>t}b(X(t;x))]. 
Set c = sup b(x), then by the above formula, 

b(xo) = E[l{^^^>t}b(X(t;xo))] ^ cE[l{^^^>t}] = cb(t,Xo), 
and, as 1 1 oo, we get b(xo) ^ cb(xo), that is c ^ 1, hence c = 1. □ 
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Remark 5.2. If we have the additional information that there is Xq G W such that 
b(xo) = 1, then something more can be said. Indeed, l{T-^^>t} = 1 almost surely, 
and, using again formula (5.1), 

E[b(X(t;Xo))] =E[l{,^^^>t}b(X(t;Xo))] =b(xo) = 1, 

hence b(X(t;xo)) = 1, almost surely for every t > 0. This is very close to prove 
that b = 0, and in fact [ , Theorem 6.8] proves, although with a completely 
different approach, that under the assumptions of 

■ (suitable) strong Feller regularity, 

■ conditional irreducibility, namely for every x G W, t > and every open set 
A in W, P[X(t; x) G A, > t] > 0, 

b(xo) = 1 implies that b = 1 on W. 

Proposition 5.3. Consider the family (X, t) of processes as above. Assume that, given 
X G W, there are a closed set Boo C W with non-empty interior and three numbers 
Po G (0, 1), To > and Ti > such that 

m P[o-b'J^ = oo,Tx = oo] = 0, 

■ P[Ty ^ To] ^ Po for every y G Boo, 

where the (discrete) hitting time Cg^^ o/Boo, starting from x, is defined as 



'B 



cTb"^^ = min{k ^ : X(kTi; x) G Bod, 



and ffg ^ = oo if the set is empty. Then 



[t, < oo] ^ ^° 



1+Po 



Remark 5.4. The first condition in the above proposition can be interpreted as a 
conditional recurrence: knowing that the solution does not explode, it will visit 
Boo in a finite time with probability 1. 

Proof. The first assumption says that Plo'e > n, Tx > n] | as n — )■ co. If 
P[Tx = oo] = 0, then P[Tx < oo] = 1 ^ ^^id there is nothing to prove. If 
on the other hand P[Tx = cxd] > 0, then P[Tx > n] > for all n ^ 1 and, since 
P[Tx > n] I P[Tx = cxd] as n — )■ oo, we have that 

X T Plffo'"^' > n, Tx > n] 

P[cTr'^^ ^ n|Tx > n] = 1 5^-^ — ^ 1, n^oo. 

P[Tx > n] 

For n ^ 1, 

P[Tx > n + To] ^ P[Tx > n + Tq, cTr'^^ ^ n] + P[aR'^^ > n] . 
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The strong solution is Markov, hence 

n 

P[t, > n + To, ff^'^^ ^ n] = )~ P[t, > n + Tq, ffg'^^ = k] 



k=0 



^ (l-po)P[aB'J^ ^n]. 
In conclusion 

P[t, > n + To] ^ (1 - Po)P[cTb'J' ^ n] + P[ct^'J^ > n] 
= l-poP[a^'J^ ^n] 
^ 1 - PoP[o"bI' < Ti-Kx > tlMx^ > n] 

and in the limit as n — )• oo, 

P[t, = oo] ^ 1-PoP[t, = oo], 
that is PJt, = oo] ^ □ 

Corollary 5.5. Assume that there are po G (0, 1), Tq > and Boo C W such that the 
assumptions of the previous proposition hold for every x G W (the time Ti may depend 
on x). Then for every x G W, 

P[Tx < oo] = 1. 
Proof The previous proposition yields 

sup P[Tx = oo] ^ — < 1, 
xew 1 + Po 

hence the dichotomy of Lemma 5.1 immediately implies that P[Tx < oo] = 1 for 
every x G W. □ 

Example 5.6. Here we analyse a simple one dimensional example that shows that 
the fact that blow-up occurs with full probability does depend on the structure 
of the drift. We remark that the one dimensional case is fully understood (see 
for instance [ ]), our proofs below are elementary and mimic the proofs of the 
next section. 

Consider the one-dimensional SDEs 



dX = fi(X)dt+dW, 1 = 1,2, 
with initial condition X(0) = x G R, where 

r ( ^ ^ ^ 0, Jx^, X ^ 0, 

I X, X < 0, I —X, X < 0. 

It is easy to see (using the Feller test, see for instance [ , Proposition 5.22]) 
that with the drift f i the blow-up function b defined in the proof of Lemma 5.1 
verifies < b(x) < 1, while with the drift f2 the blow-up function is b(x) = 0. 
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In view of the results proved above and the analysis of the next section (see 
Theorem 6.1), we observe that 

■ with both drifts fi, f2 and with Bqo = {x ^ 1}, there are po G (0, 1) and 
To > such that P[Tx ^ Tq] ^ po for all x G Boo (in other words, the second 
assumption of Proposition 5.3 holds), 

■ the first assumption of Proposition 5.3 holds for f 2 but not for f 1, 

■ in both cases E [sup^o^j] (^n)-] < 00 for all T > and p ^ 1. 

We give an elementary proof of the first statement, which is modeled on the 
proof which will be used in the next section for the blow-up of the infinite- 
dimensional problem (1.1). Given an initial condition x G [1, 00), we prove that 



In this section we first prove that there are sets in the state space which lead 
to a blow-up with positive probability. The underlying idea is to use again 
Lemma 3.2 to adapt the estimates of [ ], which work only for positive solu- 
tions. 

In the second part of the section we show that such sets are achieved with full 
probability when the blow-up time is conditioned to be infinite. The general 
result of the previous section immediately implies that blow-up occurs with 
full probability 

6.1. Blow-up with positive probability. Given a > |3 — 2, p G (0, (3 — 3), Qq > 

and Mq > 0, define the set 

(6.1) Boo(cx,p, ao, Mo) = {x G Va : ||x||p ^ Mq and ^nf (Al^I^Xn) ^ -vao}. 

We will show that for suitable values of Qo and Mo there is a positive probability 
that the process solution of (1.1) with initial condition in the above set blows up 
in finite time. 

Theorem 6.1. Let (3 > 3 and assume (2.1) and (2.2). Given a G ((3 — 2, ocq + 1), 

p G (0, |3 — 3), and Qq G (0, \], there exist po > 0, Tq > and Mo > such that 




Indeed, set Yt = Xt — Wt, so that Yo = x and 

dY = dX-dW= (Y + W)^ 
in particular Yt ^ 1. On the event {sup^g [0,2] l^tl ^ \], 



Y ^ Y^ - 2|W|Y ^ Y(Y - i) ^ -Y^, 



hence by comparison Yt (and hence Xt) explodes before time f ^ 2. 



6. Blow-up for (3 > 3 
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for each x G Boo((x, p, ao, Mq) and for every energy martingale weak solution Px with 
initial condition x, 

Proof Choose Cq > such that Cq ^ Qq and Cq ^ y/o<)[l — ^/oo)/ ^rid consider the 
random integer N „ co (To) defined in (3.1), where the value of Tq will be specified 
at the end of the proof. Set 

Po=Px[Na,co(To) = 1], 

we remark that po > by Lemma 3.1 and its value depends only on the distri- 
bution of the solution of (2.4), thus is independent from the martingale solution 
Px. The theorem will be proved if we show that 

(6.2) Px[C>To, N,,eo(To) = l]=0, 

indeed 

^.h^o ^ To] = 1 - Px[t« ^ To, N,,eo(To) > 1] ^ 1 - Px[Na,eo(To) > 1] = Po- 

We proceed with the proof of (6.2) and we work path-wise on the event 

a(a,To) ={T* >To}n{N,,eo(To) = 1}. 

Let Z be the solution of (2.4) and Y = X — Z the solution of (2.5). On the event 
{t^ > Tq} (2.5) has a unique solution on [0, To], and on the event {Noc,co(To) = 1} 
we have that Aj^I^|Zn(t)| ^ Co for every t G [0, To] and every n ^ 1. Set 

Tin = Xn - Zn + aoA'A^:i'^i, 

then by this position r\ = [r\ri]n^i satisfies the system 

Moreover, by Lemma 3.2 (applied with the values of Qo and Co we have fixed), 
it turns out that r\nii', cu) ^ for each t G [0, Tq], n ^ 1 and w G D.[(X, Tq). 
Fix a number b > 0, which will be specified later in formula (6.4), then 

^(^n + brinrin+i) = -2vA^ri^ - bv(l + A^jA^Tlntln+l 

+ aoX\\2 + bA^-P)A^-pTin + aobA^v^Af^-pTin+i 
+ 2A^iX^_,Ti^ + bA^iX^_,Ti^+i + bA^X^Ti, 
- 2APXnX^+iTin - bAPX^X^+iTi n+i — bA^^]^rirLXrL+iXn+2 
= + @ + @ + 

By the choice of Qo and Cq, we have that (qo + Cq)^ ^ ao, hence 
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The third term on the right-hand side of the formula above can be estimated 
from below using Young's inequality as 

-\2(3+2p-4 

^ [(1 + A-2nA^lTl^_lT^, - Ay\a, + co?^^^}.t-W] 
+ b[ApTi^-2AP-2^(ao + Co)A^Tiy 

since Xn = rjn - [ciQ-v\^^_^^ - Z^] and ^ [aQM\^^_^^ - Zn) ^ v(ao + Cq]\^^_^^. 
Likewise, the fourth term can be estimated from below as 

^ -2Aj^ri^rin+i - bA|^rinri^+i - bA^+irinrin+irin+2 

- y\a, + Co)^(2A2 + \^\'-^]\'^_\^^ - \>\\\a, + c,nt-W+u 

where we have dropped the positive terms, using again the fact that ( Qq^'A^^'^ — 
Zn] ^0. The three above estimates together yield 

^(Tln+bTlnTln+l) +2vA^Tl^+bA'(l + A2)A?,Tlnrin+l ^ An + + C^, 



where 



An = bA^Tl^ + (1 + A-2P)AP_iTl^_iTln " 2ApTl^Tln+l " "oX^^^V^l^^ 
n+ irinTln+irin+2, 

Bn = -2bAP-2^(ao + Co)A^Ti 



2 

n'ln' 



-\2|3+2p-4 

By using Young's inequality in the same way as [ ], 
(6.3) 

An > bA^Tl^ + (1 + A-^HA^iTl^^iTln " 2ApTl^Tln+l " ^bA^ (tl^^Tln+l + Tl^^^) 

- ^bAj^+l(2TlnTln+l +Tln+inn+2 +Tln+2) 

= bA^Ti^ - IbA^Ti^ ^1 - ibA^+iTi^ ^2 + (1 + 

- (2 + ^b + iAPb)ApTl^Tln+l - ^bAP + iTl^+iTln+2 
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Summing up the above estimates yields 



^ [L K + bTlnTln+l)] + 2v||ti||?+^ + 

TL = 1 

OO OO 

+ bv(l + Y_ > Y. (An + + Q 

n=l n=l 

By using (6.3) and shifting the summation index we have 



n=l TL=1 

111 °° 



n=l 

where we have chosen b so that 



3 

TL' 



(6.4) A^P-l-b(i + V + iA-^^)=0. 

The other two terms are simple, indeed 



Y_ A^^Bn = -2bAP-^(ao + Co) Y_ = -^2 



li+P' 

n=l n=l 



and, by the Cauchy-Schwarz inequality, 

°° ^3|3+2p-8 °° 

Y_ A?,^Cn = -4v^(ao + cof^^^^^ Y. ^^n^'^-^ 

Ti,=l n=l 

^ -4v2(ao + Co)^^^^j^(A^f^-P+^' - l)"^||tl||i+p 

= -k3||Tl||l+p, 

we have used the fact that p < (3 — 3. Since on the other hand 

OO 

2v||ti||2^p + bv(l + A^) Y_ A^'^TinTin+i ^ v(2 + b(l + X')X-'-^) M\l 

= k4 



n=l 

^4||ll|ll+p, 



and 



OO 2 

3 



n=l ^ TL=1 
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all the estimates obtained so far together yield 

H + k4i|; ^ kikgips - ksij) - kg^, 

where 

oo 

H(t) = }^A?P(Ti^ + bTi^w), Mt) = Mil 



V 



Finally, H ^ (1 + bA ^jil* = kgil*, and it is easy to show by a simple argument 
(following for instance the one in [ ]) that if 

3 

k 4k^ 

H(0) > := (k4 + k2 + V(k4 + k2)2 + 2kik3k5) and To > — 1==, 

kikg^ ^ kik5v/H(0) 



the solution of the differential inequality given above for H becomes infinite 
before time Tq. □ 

6.2. Ineluctable occurrence of the blow-up. The theorem in the previous sec- 
tion has shown that if the initial condition is not too negative and the noise is not 
too strong, so that the the process is not kicked away from the quasi-positive 
area, then the deterministic dynamics dominates and the process explodes. In 
this section we show that the sets that lead to blow-up are conditionally recur- 
rent, in the sense of Proposition 5.3 (see Remark 5.4). 

Theorem 6.2. Let |3 > 3 and assume (2.1) and (2.2). Assume moreover that the set 
{n ^ 1 : cTri 7^ 0} is non-empty. Given a G (|3 — 2, 1 + ao], for every x G Va and 
every energy martingale solution Px with initial condition x, 

PJt« <oo] = l. 

Before proving the theorem, we need a few preliminary results. Our strat- 
egy is to use Corollary 5.5 to prove that blow-up happens with full probability. 
Hence we need to prove that sets (6.1) satisfy the assumptions of the corollary. 
The idea is to find conditions on the size of the solution in H and on the struc- 
ture of the perturbation, so that the system is led to a set (6.1). Lemma 6.4 shows 
that the negative part of the solution becomes small, while Lemma 6.5 shows 
that the size of the solution becomes large. Finally, Lemma 6.6 shows that the 
conditions found happen with full probability, conditional to the absence of 
blow-up. 

We need a slight improvement of Lemma 3.2. That lemma showed that if 
the noise is small from mode Noc,co(T) on, and if the initial condition is not 
too negative from mode tlq on, then the system is not too negative from mode 
max (no, N cc,co (T) ) on. In the next lemma we show that after a short time, which 
depends only on the size of the initial condition in H, modes becomes not too 
negative and the above result holds from mode N^ cgfT) on, regardless of the 
value of Uq. 
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We prove the result on the event {N„ co(T) = 1}, because the control of the H 
norm, given in the next lemma, is simpler. 

Lemma 6.3. Let |3 > 3 and assume (2.1) and (2.2). There exists c^j > such that for 
(X G (|3 — 2, 1 + ao), for every x G Va, every energy martingale solution starting at 
X, every T > and every Cq > with 4co(l + 7\^^^] ^ 1, 

sup ||X(t]||H ^ ||x||h + C6.3V, 

[0,T] 

Px-fl. s. on the event {t^ > T} fi {N |3_2,co (T) = 1}. 

Proof As already remarked, since we work on {t^ > T}, problem (2.5) has a 
unique solution, so we can work directly on Y (the rigorous proof proceeds 
through Galerkin approximations). We know that Al^^^lZ^lt)! ^ CqV for t G 
[0, T] and n ^ 1, hence 

00 

— llYfH + 2v|| Y||? ^ 2 }^ AP (Y^Y.+iZn + Y^+iZ^ - Y^ Z^+i - Y,Z,Z,+i) 

n=l 

^ 2cov(l + X^-'] \\Y\\l + 2cy ^p_3 _ ^ ||Y||i 

^ 4cov(l + AP-3)||Y||? + ^p^^^^c^v^ 
Using the assumption on Cq and the fact that ||Y||i ^ A||Y||h, we finally obtain 

^||YfH + vA2||YfH^kociiv^ 

where the value of ko follows from the inequality above and depends only on 
|3. By integrating the differential inequality, we get 

IIYWII^H^ llxfn + ^cy, tG[0,T], 
and in conclusion for t G [0, T], 

||X(t)||H ^ ||Y(t)||H + ||Z(t)||H ^ ||x||h + + (1 - A^-2P)-i)^^ 

where we have used the fact that Cq ^ 1. □ 

Lemma 6.4 (Contraction of the negative components). Let |3 > 3 and assume (2.1) 
and (2.2). For every M > 0, Qq G (0, |] and Cq < Qq, with 4co(l + Ai^^^) ^ 1, there 
exists Tm > such that for every x G Va, with a G (|3 — 2, 1 + ao) and ||x||h ^ M, 
and every energy martingale solution Px, 



inf (aPi?X,(Tm]) ^-(ao + co)^/, 



^-a. s. on the event {t^ > Tm} n {N|3_2,co(Tm] = !}• 
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Proof. Let no be the first integer such that inf^L^no ^n '^'X-n ^ —O-o^- By the choice 
of Co and Qo, we know that Co < ^/o^[l — a/o^)), hence Lemma 3.2 implies that 
Aj^^^Yn(t) ^ —aoy holds for every t G [0, Tm] and every n ^ Uq. If no = 1 there 
is nothing to prove, so we consider the case no > 1. 

The idea here is to show that the negative part of the mode no — 1 becomes 
closer to within a time T^t^o i- After this time, again by Lemma 3.2, the negative 
part of the mode no — 1 stays small, and we can apply the same contraction idea 
on the negative part of the component no — 2, which then will become small as 
well within a time Tt^q 2/ and so on. The sequence of time intervals turns out to 
be summable and dependent only on the size of the initial condition in H. 

By these considerations it is sufficient to prove the following statement: 

given n > 1, if we know that for a time to > 0, 

sup sup Aj^rf IZicI ^ Cov and sup A^^^(Yn+i)- ^ aov 

k^l [to,T] [to,T] 

then at time to + T^, where 

TJIIxIIh, Co, ao) = -(P - 2) log A^ + V log(l V th±^) , 
y A^ A/ V (ao-Co)^ / 

we have that 

Yn(to + Tn) ^-aovA^-^i. 
Before proving the claim, we notice that T^ < cxd, hence we can choose 

oo 

Tm = ^Tn(M,Co, Qo). 

TL=1 

We conclude the proof of the lemma by showing the above claim. Set 

Tin = Yn + CoA/A^^'^l, 

then Xn = rin - (covA^::'^i - Zn) and 

Tin = -vA^Tin + CoV^A^A^l^i + X^_,Xl_, - A^XnXn+i 

^ -{y\l + APXn+i)Tin + CoA/^A^A^l^i + \^{coy\lZ^, - ZnjX^+i 
^ -[yXl + APX,+i)ti, + CoA/^A^A^-P - AP(coA/A^_P - Zn)(X,+i)_. 

By the assumption of the claim, (Xn+i)- ^ (ao + Co)^A^^'^ and (co^A^^'^ — Z^) ^ 
2co^A^J^, hence 

Tin ^ -[y^l + APXn+i)Tin + CoA V (l - 2(ao + Co))A^-P 
^-(YA^ + APX^+i)Tin, 
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which implies that for t ^ to. 




J to 



since, using the fact that ao + Co ^ |, 

A/A^^ + A^Xn+i ^ vA^-^(ao + Co)A^ = vA^l-(ao + Co)) ^ ^^A?,. 
Finally, by Lemma 6.3, 

(Tln(to))- ^ (Yn(to))_ ^ {YMl ^ ||Y(to]||H ^ ||x|| H + C6.3V, 

and it is elementary now to check that at time to + T^, 

> -iMn + C6.3] e-^^^^T. _CovA^_P ^ -ao^/A?^^ 
which concludes the proof of the claim. □ 

In order to show that the hitting time for sets like (6.1), where there is a uni- 
form estimate on the probability of blow-up, is finite, we also need to ensure 
that the size of the solution is large enough, while being not too negative. 

At this stage the noise is crucial, although one randomly perturbed compo- 
nent is enough for our purposes. The underlying ideas of the following lemma 
come from control theory, although we do not need sophisticated results like 
[45, 39], because a quick and strong impulse turns out to be sufficient. 

Lemma 6.5 (Expansion in H). Under the assumptions of Theorem 6.2, let m he the 
smallest element of the set {n ^ 1 : 7^ 0}. Given Mi > 0, M2 > 0, and ao, ag, Co > 
such that Cq < <Xq < o.'q < \ and Co + ao < cl'q, for every X(0) G Va, with 
||X(0)||h ^ Ml i^'^d infn^i A|^IiXrL(0) ^ — aov, there exists T > 0, whose value 
depends on Mi, M2, Co, ao, a'^ and ra, such that 

■ A|^IiXTT,(t) ^ — (ao + Co)v/or every n ^ 1 and t G [0, T], 

■ ||X(T)||h^M2, 

on the event 

{t^ >TM}n{supA^I?|Zn(t)| ^ Cov/orn^m}n{supAl^l'i|Z^(t)-il;(t)| ^ Cov}, 

[0,T] [0,T] 

where i|» : [0, T] — )■ R is an non-decreasing continuous function such that i|>(0) = 
and Tj)(T) large enough depending on the above given data (its value is given in the 
proof). 
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Proof. We work on the event given in the statement of the proof. 

Stepl: estimate in H. We first give an estimate of X in H. Set\|; — sup^gj] ||2m||H ^ 

t[)(T) + CqV, then 

J oo 

rL=l 

oo 

^ 2 Y_ A|^(|ZnYnYn+l| + Z?,|Yn+l| + IZn+llY^ + IZ^Zn+lY^l) 
n=l 

+ 2\l_, (|Z^|Y^_i + |Z^_iZ^Y^_i|) 

+ 2A|!^(||ZraYTaYTa+l + Z^|Yttl_|_i| + IZraZra+l Yral) 

^ 4cov(l + Al^-3)||Y||2 + kocj^v3 

+ AP,(2if2 + 4ii^ + 4coA/AP-3^)(1 + ||Y||^) 

^ y\\Y\\l + + 16AP,(1 + + 

where we have estimated the terms without as in Lemma 6.3 (the constant 
ko is the same of that lemma) and the terms with Zra bounding the compo- 
nents of Y with ||Y|jH. If ki = koA/3, ka = 16X^{l + y) and M3(T,il;(T))2 = (M^ + 

ki/ka) exp (k2T(l+i|;^)), it followsfromGronwall's lemma that sup [o^T] l|Y(t)||^ ^ 
M3(T,il;(T))2. Since on the given event we have that ||Z(t)||H ^ A2-P(A2-P - 
1)^^ + Co A' + il)(T) for every t G [0, T], we finally have that 

sup ||X(t)||H ^ CoA. + ^^y_^ +MT] + (Ml + ^) e^^mHMT)+co.f) 
Step 2: Large size at time T. Using the previous estimate we have 

rt 



X^(t)=e-"^-^X^(0) 



^-.A?,Jt-s)(^(3^_^X^_, -AP^X^X^+i) ds 



^ -aoy\'^^, + {Mt) - CoA/A^-^) - A^^tsup HXH^^, 

[0,T] 

hence for t = T we have 

We can choose iKT) = M2 + 2v and notice that M4(T, M.2 + 2v)T -> as T | 0, 
hence we can choose T small enough so that A{^M.4(T, \|j(T))T ^ y, to obtain 
Xm(T) ^ M.2 and in conclusion ||X(T)||h ^ M2. 

Step 3: Bound from below for n = ra. The choice of i|)(T] and the computation in 
the above step yield 

A^->^(t) ^ -(ao + Co)v - A2-PM4(T, M2 + 2^]^^^-^, 
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since \[) is non-negative. By assumption we have that ao + Cq < Qq, hence, 
possibly fixing a smaller value of T than the one chosen in the previous step, we 
can ensure that X^, has — QqvA^J^]^ as lower bound on [0, T]. 
Step 4: Bound from below for n 7^ ra. If n > m, the proof proceeds as in Lemma 3.2, 
since appears in the system of equations for (Yn)n>m only through the 
positive term Aj!^X^ in the equation for the (ra + 1)'^ component (and since 
Co < A/a^(l — a/o^) by the choice of Cq, a^). 

If n < ra, the proof follows by finite induction. Indeed, the lower bound is 
true for n = raby the previous step. Next we prove that if A^^l^ Yn+i(t) ^ — cio^ 
for all t G [0, T], then A^^^Y^ ^ —O-^y. We prove this similarly to the proof of 
Lemma 6.4. Indeed, setrjii^ = + O-o^'^n-i' then using only that A|^I^|Zn(t]| ^ 
cov and (X^+i(t)]_ ^ (a^ + Co)vA?^-P for t e [0, T], 

fin ^ -(vA?, + APXn+i)Tin + a^AP-X"^ - A^(a>A?,-P - Zn)(Xn+i)- 
^ -iy\l + APXn+i)Tin + vAP-2 (a^ - (a^ + Cof)^-^ 
^-{y^l + A^X^^^]r^^, 

since Cq < Qq < ^, hence Cq < A/a^(l — a/o^)- The fact that rj^lO) ^ implies 
that Tin (t) ^ 0. □ 

Lemma 6.4 and Lemma 6.5 suggest how to have a well-behaved noise, namely 
a random perturbation that leads the system from a ball in H to a pre-blow-up 
set (6.1). Let Cq > 0, to > 0, Tc > 0, Tg > and t[) : [0, Tg] — )■ R be a non-negative 
non-increasing function, and define the event 

^(to;co,Tc,Te,ip] =-K(Co,to,Tc) n3^e(co,to + Tc,Te,il)] 

where 

:N"c(co,to,Tc) = {A|^I^|Z^(t)| ^ covforalln ^ 1 andt G [to,to + Tc]} 

and 

K(co,to + Tc,Te» = I sup A^-\|Z^(t)-ilJto+Te(t)| ^ CoV, 

X^Zl\Z^[t)\ ^ Cqv for all n ^ m and t G [tg + Tc, to + Tc + Te]|, 

tps : [s, s + Tg] — R is defined for s ^ as i|)s(t) = i^t — s), for t G [s, s + Tg], ra 
is the smallest integer of the set {n : ffn 7^ 0}, and for every n ^ 1, 



Zi ft) = a. 



-n V 



g-vA^(t-to) ^^^^ tG [to,to+Te], 



to 



rt 



g-vA,(t-to-T,) ^^^^ tG [to + Te,to + Tc+Te]. 

to+Tc 
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Given a weak martingale solution Px with initial condition x, the following facts 
are straightforward: 

■ [N"c(co, to, Tg] and [N"e(co, to + Tc, Tg, \[)) are independent, 

■ they both have positive probability (Lemma 3.1 ensures that !Nc has posi- 
tive probability and the same methods can be used for Kg), 

■ the value of their probability is independent of to, 

■ if to , Tc , Tg and tg are given such that to+Tc +Te ^ tg, then 3\f (to ; Co , , Tg , i|) ) 
and 3\f(to; Co, Tc, Tg, ij;) are independent. 

The basic idea for the proof of Theorem 6.2 is to show that a pre-blow-up 
set (6.1) is recurrent for the system, knowing that there is no blow-up. Since 
a well-behaved randomness leads the system from a ball in H to a pre-blow-up 
set, it is sufficient to show that the fact that the system hits a ball in H, of some 
radius, and afterwards the randomness is well-behaved happens with probability 
one. 

Lemma 6.6. Let (3 > 3, assume (2.1) and (2.2) and consider a G ((3 — 2, (Xo + 1). There 
exists Ce.6 > such that /f M > 0, Tg > 0, Tg > 0, Co > 0, and ij; : [0, Tg] — R zs a 
non-decreasing and non-negative function and 

then for every x G Va and every energy martingale solution Px starting at x. 



p. 



{T^ =oo}n f|({||X(kT)||H ^ M}nK(kT;Co,Tg,Tg,xl)) 



X 



0, 



where T = Tg + Tg 



Proof. We first obtain a quantitative estimate on the return time in balls of H 
of the Markov process X'^(-; x), solution of problem (2.3) with initial condition 
^ £ V„, which has been introduced in the proof of Theorem 2.4, and then get the 
same estimate for the strong solution. This will allow us to prove the lemma. 
Step 1. It is straightforward to prove by Ito's formula (applied to ||X'^(t;x)||^) 
and Gronwall's lemma that 

(6.5) E[||X'^(t;x)fH] ^ ||xfHe-^"^'*+C6.6, 

where Ce.e = (2vA^)^^ 'Z-n=i ^n' ^^id where the last series is convergent due to 

(2.1) and to the assumption ao > (3 — 3. 

Step 2. We use the previous estimate to show that 

n-l 



(6.6) P[||X^(kT;x)||H > Mfork = l,...,n] ^ 

We proceed for instance as in [ , Lemma IIL2.4], we detail the proof for the 
sake of completeness. Define, for k integer, Cjc = {||X'^(kT; x)||h ^ M} and 
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= nS^o Cj' and set = E[lBj|X'^(kT; x)||^] and = PIBJ. By the Markov 
property, Chebychev's inequality and (6.5), 

hence 

On the other hand, by integrating (6.5) on Bi^, we get 

If (aic)keN and (pk)iceN are the solutions to the recurrence system 

ctk+i = e"^^'"^ aic + C6.6Pk, ^ ^ ^ 

1 „— VA^T ~ _|_ C6.6 ^ ^ ' 

^Pk+1-M2^ + jvr2Pk, 

with pi = pi and ol\ = (Xi, then (Xk ^ ock and pk ^ Pk for all k ^ 1 and (6.6) 
easily follows, since ock = M^Pk for k ^ 2. 
Step 3. By the previous step, 

P[||X(kT;x]||H ^ M,k= l,...,n,Tj = oo] 

^ limP[||X(kT;x)||H ^ M, k = 1, . . . , n, T*'"^ > nT] 

Rtoo 

= limP[||X'^(kT;x]||H > M, k = 1, . . . , n, T*'"^ > nT] 

Rtoo 

^ limsupP[||X'^(kT;x]||H ^ M,k= l,...,n] 

Rtoo 



since t" = sup^^g'^x''^- Hence, if we define the (discrete) hitting time Ki = 
min{k ^ : ||X(kT;x)||H ^ M} of the ball Bm(0) in H (and Ki = oo if the 
set is empty), then Ki < oo on the event {t^ = oo}. Likewise, define the se- 
quence of (discrete) return times K2 = min{k > Ki : ||X(kT;x)||H ^ M}, 
Kj = min{k > Kj_i : ||X(kT;x)||H ^ M}, with the understanding that a re- 
turn time is infinite if the corresponding set is empty (this in particular happens 
if some previous return time is already infinite). The previous step immediately 
implies that Kj < 00 for each j ^ 1 on the event {tJ = 00}. 
Step 4. Consider for k ^ 1 the events Kk = K(kT; Cq, Tc, Tg, ijj). By the consid- 
erations we have stated above, we know that P[!Nk] is constant in k, and we set 
p = P[3\fk]. Moreover, by the choice of T, it turns out that 3\fi, IN"2, . . . , Kk, . . . are 
all independent. Set J^oo = and define the time 

Lo = min{j ^ 1 : I^k. = 1}, 
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and Lo = oo if the set is empty. Notice that if Lq is finite, then ||X(KloT;x)||h ^ M 
and the random perturbation is well-behaved in the time interval [KlqT, KlqT + 
Tc + Te]. Hence the lemma is proved if we show that 

(6.7) P[Lo = oo,T« = oo] = 0. 

Step 5. Given an integer 1^1, we have that 

P[Lo > £, T« = oo] = P[X^^ n . . . n {t^ = oo}] 

oo oo 

= Z P[saki,...,kOn{T« = oo}], 

ki=l kf=kf_i + l 

where we have set 

S,(ki, . . . ,k,) = n . . .K^^ n{Ki = ki, . . . ,K, = kj. 

Notice that S£(ki, . . . , k^) G ^(kf+i]T/ hence by the Markov property, 
P[Se(ki,...,kOn{T«>(k, + l)T}] 

= E[lse_i(ki,...,k£_i)l{T?>(kE_i + l)T}l{Kf=kf}IP[^ke ^ {'^X(ktT;x) > Tjl^^kej]] 

^ (1 - p)P[S«_i(ki, . . . , k,_i) n {T^ > (k,_i + i)T} n {K, = k,}]. 

By summing up over k^, we have 

oo 

Y_ P[S£(ki, . . . , ke) n {< > (k, + 1)T}] ^ 

k{=kE_i+l 

^ (1 - p)P[S«_i(ki, . . . , k«_i) n > (k,_i + i)T}] 

and the iteration of this argument finally yields 

P[Lo>£,< = oo] ^ (l-p)^ 
hence the claim (6.7). □ 

We have all the ingredients to complete the proof of the main theorem of this 
section. 

Proof of Theorem 6.2. Fix ex e (|3 — 2, 1 + ao), p G (0, (3 — 3) and G (0, \], and 
consider the values po > 0, and Mo > given by Theorem 6.1. In view of Corol- 
lary 5.5, it is enough to prove that the (sampled) arrival time to Boo (oc, P, ao, Mo) 
is finite on the event {t* = oo}, for all x G V^. To prove this, by virtue of 
Lemma 6.6, it is sufficient to prove that there are M, Tc, Tg, Cq > and a function 
t[> as in the statement of the lemma such that e^^'*' ^'^ + < 1 arid 

^^•^^ N^^Co'^Te'^TtM^) } ^ X(to + Te +Te;x) G B,o((x,p,a^,M^). 



UNIQUENESS AND BLOW-UP FOR THE NOISY VISCOUS DYADIC MODEL 



37 



Indeed, the left-hand side of the above implication happens almost surely on 
{t* < 00} for some integer k such that to = k(Tc + Tg ), hence the right-hand side 
happens with the same probability and P[CTgJ'^^^'= = 00, = cxd] = 0. 

We conclude with the proof of (6.8). We first notice that in Lemma 6.4, the 
larger we choose M, the larger is the time we get, hence we apply Lemma 6.4 
with Qo = |ai, Co < min{|a^, (4(1 + A'^^^))^^} and M > large enough so that 
the time 7^ whose existence is ensured by the lemma satisfies e^^'^ ^ 
Moreover we know that 

■ infn^i(Aj^Z?X^(to + Tc)) ^ -(ao + Co)v ^ -\a^y on the event {t^ = 
oo}nNc(co,to,Tc), 

■ ||X(to + Tc)||H ^ ||X(to)||H+C6.3V ^ M + C6.3V, 

where the second statement follows from Lemma 6.3. We apply then Lemma 6.5 
with Ml = M + C6.3V, M2 = Mo, ao — ^a^, = 2ao and Cq as above, hence there 
is Tg > such that 

■ inf^;^i(Aj^I?Xn(to + Tc + Te)) ^ -(a^ + Co)v ^ -a^v on the event {t* = 

Oo}n>fe(Co,to + Tc,Te,Jllj), 

■ ||X(to + Te + Te)||p ^ AP ||X(to + Te + Te)||H ^ Mo, 

thatisX(to + Tc +Te) G Boo(cx,p,a^,M^). □ 
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